A generalisation of the narrow-width approximation (NWA) is formulated which allows for a consistent treatment of interference effects between nearly mass-degenerate particles in the factorisation of a more complicated process into production and decay parts. It is demonstrated that interference effects of this kind arising in BSM models can be very large, leading to drastic modifications of predictions based on the standard NWA. The application of the generalised NWA is demonstrated both at tree level and at one-loop order for an example process where the neutral Higgs bosons h and H of the MSSM are produced in the decay of a heavy neutralino and subsequently decay into a fermion pair. The generalised NWA, based on on-shell matrix elements or their approximations leading to simple weight factors, is shown to produce UV-and IR-finite results which are numerically close to the result of the full process at tree level and at one-loop order, where an agreement of better than 1 % is found for the considered process. The most accurate prediction for this process based on the generalised NWA, taking into account also corrections that are formally of higher orders, is briefly discussed.
Introduction
The description of the fundamental interactions of nature in terms of quantum field theories that are evaluated perturbatively has been extraordinarily successful in the context of elementary particle physics. Nevertheless, this theoretical formulation is plagued by a long-standing problem [1] [2] [3] , since the asymptotic in-and outgoing states of quantum field theories are defined at infinite times corresponding to stable incoming and outgoing particles, while collider physics processes usually involve numerous unstable particles, see e.g. Refs. [4] [5] [6] [7] . While in principle it would be possible to perform calculations of the theoretical predictions for the full process of stable incoming and outgoing particles, this is in many cases not feasible in practice (and still leaves the problem of the treatment of intermediate particles that can become resonant). Instead, one often seeks to simplify the task of calculating a more complicated process by separately treating the production of on-shell particles and their decays, where the latter can happen in several separate steps, each resulting in on-shell outgoing particles. Such an approach of simplifying the task of computing a complicated process involving many particles in the final state is in particular crucial in the context of incorporating higher-order corrections.
The separation of a more complicated process into several sub-processes involving on-shell particles as incoming and outgoing states is achieved with the help of the "narrowwidth approximation" (NWA) for particles having a total width that is much smaller than their mass. The application of the NWA is beneficial since the sub-processes can often be calculated at a higher loop order than it would be the case for the full process, and it is also useful in terms of compu-tational speed. Indeed, many Monte-Carlo generators make use of the NWA. An important condition limiting the applicability of this approximation, however, is the requirement that there should be no interference of the contribution of the intermediate particle for which the NWA is applied with any other close-by resonance, see e.g. Refs. [8] [9] [10] . While within the Standard Model (SM) of particle physics this condition is usually valid for relevant processes at high-energy colliders such as the LHC or a future Linear Collider, many models of physics beyond the SM (BSM) have mass spectra where two or more states can be nearly mass-degenerate. If the mass gap between two intermediate particles is smaller than the sum of their total widths, the interference term between the contributions from the two nearly mass-degenerate particles may become large.
For instance, mass degeneracies can be encountered in the Minimal Supersymmetric extension of the Standard Model (MSSM) [11] [12] [13] . In particular, the MSSM may contain approximately mass-degenerate first and second generation squarks and sleptons. In the decoupling limit [14] , the MSSM predicts a SM-like light Higgs boson, which can be compatible with the signal discovered by ATLAS [15] and CMS [16] at a mass of about M h 125 GeV, and two further neutral Higgs bosons and a charged Higgs boson H ± , which are significantly heavier and nearly mass-degenerate. While in the CP-conserving case the heavy neutral Higgs bosons H and A are CP-eigenstates and therefore do not mix with each other, CP-violating loop contributions can induce sizable interference effects, see e.g. Ref. [10] . The compatibility of degenerate NMSSM Higgs masses with the observed Higgs decay rate into two photons was recently pointed out e.g. in Ref. [17] . Another example are degenerate Higgs bosons in (non-supersymmetric) two-Higgs doublet models, see e.g. Refs. [18, 19] . Furthermore, degeneracies can also occur in models of (universal) extra dimensions where the masses at one Kaluza-Klein level are degenerate up to their SM masses and loop corrections, see for example Refs. [20] [21] [22] . Small mass differences of sequential Z and W bosons are analysed in an extension of the SM as an effective field theory in Ref. [23] . On the other hand, models with new particles on various mass levels often exhibit long cascade decays, so that there is a particular need in these cases for an approximation with which the complicated full process can be simplified into smaller pieces that can be treated more easily. However, several cases have been identified in the literature in which the NWA is insufficient due to sizeable interference effects, e.g. in the context of the MSSM in Refs. [8, 9, [24] [25] [26] and in the context of two-and multiple-Higgs models and in Higgsless models in Ref. [27] .
In the following we present a generalised NWA (gNWA), which extends the standard NWA (sNWA) by providing a factorisation into on-shell production and decay while taking into account interference effects. In Ref. [10] such a method was introduced at the tree level and applied to interference effects in the MSSM Higgs sector. This method was further extended in Ref. [28] , in particular by incorporating partial loop contributions into an interference weight factor. A similar coupling-based estimation of an interference between new heavy quarks at lowest order was suggested in Ref. [29] . Interfering new, nearly degenerate vector bosons were considered in Ref. [23] in an approach of the product of involved couplings and on-shell parton luminosities. In the present paper we formulate a gNWA based on an on-shell evaluation of the interference contributions which is applicable at the loop level, incorporating factorisable virtual and real corrections. We validate the method for an example process by confronting the one-loop result within the gNWA with the result of the full process at the one-loop level. We furthermore investigate different levels of approximations, where we compare the on-shell matrix elements in the interference term with possible further simplifications based on interference weight factors. In the considered example process we study interference effects between the two neutral CP-even MSSM Higgs bosons h and H in the decay of a heavy neutralino and the subsequent decay into a fermion pair. Besides the validation against the full result for this process we also discuss additional improvements by the incorporation of corrections that are formally of higher orders. The discussed cases are meant to illustrate that the proposed method is applicable to a wide range of possible processes in different models.
The paper is structured as follows. Section 2 reviews the standard NWA before introducing the interference-improved extension in two different versions in Sect. 3 . The notation of the parts of the MSSM that are needed for the phenomenological discussion in the following sections is defined in Sect. 4, with particular emphasis on the mixing of Higgs bosons. In Sect. 5, the gNWA is applied at the tree level to the example process of Higgs production from the decay of a heavier neutralino and its subsequent decay into a pair of τ -leptons. The numerical results for those contributions are discussed in Sect. 6 . In Sect. 7 the application of the gNWA at the loop level is demonstrated. For comparison, the full one-loop calculation of the example process is performed in Sect. 8, including vertex, propagator, box and bremsstrahlung corrections. The numerical comparison and accordingly the validation of the gNWA at NLO is discussed in Sect. 9, where also the accuracy of the gNWA is investigated. Section 10 contains our conclusions.
Standard narrow-width approximation
The narrow-width approximation is a useful way to simplify the calculation of complicated processes involving the resonant contribution of an unstable particle. The basic idea is to Fig. 1 The resonant process ab → ce f is split into the production ab → cd and decay d → e f with particle d on-shell factorise the whole process into the on-shell production and the subsequent decay of the resonant particle. The following picture in Fig. 1 visualises this splitting using the example of an arbitrary process ab → ce f with an intermediate particle d.
In the following, we focus on scalar propagators. Nonetheless, although the production and decay are calculated independently, the spin of an intermediate particle can be taken into account by means of spin correlations [30, 31] giving rise to spin-density matrices. While we do not consider the non-zero spin case explicitly, the formalism of spin-density matrices should be applicable to the gNWA discussed below in the same way as for the sNWA.
Unstable particles and the total decay width
Since the total width plays a crucial role in resonant production and decay, we will briefly discuss resonances and unstable particles, see e.g. Refs. [32, 33] . While stable particles are associated with a real pole of the S-matrix, for unstable particles the associated self-energy develops an imaginary part, so that the pole of the propagator is located off the real axis within the complex plane. For a single pole M c , the scattering matrix as a function of the squared centre-of-mass energy s can be written in the vicinity of the complex pole in a gauge-invariant way as
where R denotes the residue and F represents non-resonant contributions. Writing the complex pole as M 2 c = M 2 − i M , the mass M of an unstable particle is obtained from the real part of the complex pole, while the total width is obtained from the imaginary part. Accordingly, the expansion around the complex pole leads to a Breit-Wigner propagator with a constant width,
In the following, we will use a Breit-Wigner propagator of this form to express the contribution of the unstable scalar d with mass M and total width in the resonance region (a Breit-Wigner propagator with a running width can be obtained from a simple reparametrisation of the mass and width appearing in Eq. (2)).
The NWA is based on the observation that the on-shell contribution in Eq. (2) is strongly enhanced if the total width is much smaller than the mass of the particle, M. Within its range of validity (see the discussion in the following section) the NWA provides an approximation of the cross section for the full process in terms of the product of the production cross section (or the previous step in a decay cascade) times the respective branching ratio:
Conditions for the narrow-width approximation
The NWA can only be expected to hold reliably if the following prerequisites are fulfilled (see e.g. Refs. [8, 34] ):
• A narrow mass peak is required in order to justify the on-shell approximation. Otherwise off-shell effects may become large, cf. e.g. [24, 35, 36] . • Furthermore, the propagator needs to be separable from the matrix element. However, loop contributions involving a particle exchange between the initial and the final state give rise to non-factorisable corrections. Hence, the application of the NWA beyond lowest order relies on the assumption that the non-factorisable and nonresonant contributions are sufficiently suppressed compared to the dominant contribution where the unstable particle is on resonance. Concerning the incorporation of non-factorisable but resonant contributions from photon exchange, see e.g. Ref. [37] . • Both sub-processes have to be kinematically allowed. For the production of the intermediate particle, this means that the centre of mass energy √ s must be well above the production threshold of the intermediate particle with mass M and the other particles in the final state of the production process, i.e. √ s M + m c for the process shown in Fig. 1 . Otherwise, threshold effects must be considered [38] .
• On the other hand, the decay channel must be kinematically open and sufficiently far above the decay threshold, i.e. M m f , where m f are the masses of the particles in the final state of the decay process, here m e + m f . Off-shell effects can be enhanced if intermediate thresholds are present. This is the case for instance for the decay of a Higgs boson with a mass of about 125 GeV into four leptons. Since for an on-shell Higgs boson of this mass this process is far below the threshold for on-shell W W and Z Z production, it suffers from a significant phasespace suppression. Off-shell Higgs contributions above the threshold for on-shell W W and Z Z production are therefore numerically more important than one would expect just from a consideration of /M [39] .
• As another crucial condition, interferences with other resonant or non-resonant diagrams have to be small because the mixed term would be neglected in the NWA. The major part of the following chapters is dedicated to a generalisation of the NWA for the inclusion of interference effects of nearly mass degenerate states, see also Refs. [10, 28] .
Factorisation of the phase space and cross section
In order to fix the notation used for the formulation of the gNWA in Sect. 3, we review some kinematic relations. The phase space The phase space is a Lorentz invariant quantity. Its differential is denoted as differential Lorentz invariant phase space (dlips) or d n . It is characterised by the number n of particles in the final state [40] d n ≡ dlips (P; p 1 , . . . , p n )
Factorisation Equation (3) is based on the property of the phase space and the matrix element to be factorisable into sub-processes. The phase space element d n with n particles in the final state as in Eq. (4) will now be expressed as a product of the k-particle phase space k with k < n and the remaining n−k+1 [40, 41] ,
where q denotes the momentum of the resonant particle. Now k (q) can be interpreted as the production phase space P → { p 1 , . . . , p k−1 , q} and n−k+1 (q) as the decay phase space q → { p k , . . . , p n }. The factorisation of d n is exact, no approximation has been made so far. Next, we rewrite the amplitude with a scalar propagator as a product of the production (P) and decay (D) part. Beyond the tree level, this is only possible if non-factorisable loop-contributions are absent or negligible,
One can distinguish two categories of processes. On the one hand, for a scattering process a, b → X to any final state X (in particular a, b → c, e, f for the example in Fig. 1 ), the flux factor is given by F = 2λ 1/2 (s, m 2 a , m 2 b ) with the kinematic function [41] λ(x, y, z) := x 2 + y 2 + z 2 − 2(x y + yz + zx).
On the other hand, for a decay process a → X (for example a → c, e, f ), the flux factor is determined by the mass of the decaying particle, F = 2m a . Then the full cross section is given as (the sum/average over spin states where appropriate is implicitly understood)
For the decomposition into production and decay, we do not only factorise the matrix elements as in Eq. (6) . Based on Eq. (5), also the phase space of the full process is factorised into the production phase space P and the decay phase space D (here defined for the example process in Fig. 1 , but they can be generalised to other external momenta), which depend on the momentum of the resonant particle:
Under the assumption of negligible non-factorisable loop contributions, one can then express the cross section in (8) as
In this analytical formula of the cross section, the production and decay matrix elements and the sub-phase spaces are separated from the Breit-Wigner propagator. However, the full q 2 -dependence of the matrix elements and the phase space is retained. The off-shell production cross section of a scattering process with particles a, b in the initial state and the production flux factor F reads
The decay rate of the unstable particle, d → e f , with energy q 2 is obtained from the integrated squared decay matrix element divided by the decay flux factor F D = 2 q 2 ,
Hence one can rewrite the full cross section from Eq. (10) as
In the limit where ( M) → 0 the Dirac δ-distribution emerges from the Cauchy distribution,
For the integration of the δ-distribution, the integral boundaries are shifted from q 2 max , q 2 min , i.e. the upper and lower bound on q 2 , respectively, to ±∞ because the contributions outside the narrow resonance region are expected to be small. So this extension of the integral should not considerably alter the result. The zero-width limit implies that the production cross section, decay width and the factor q 2 are evaluated on-shell at q 2 = M 2 . This applies both to the matrix elements and the phase space elements. The described approximation leads to the well-known factorisation into the production cross section times the decay branching ratio,
with the branching ratio BR = D / , where D denotes the partial decay width into the particles in the final state of the considered process, and is the total decay width of the unstable particle. While Eq. (15) has been obtained in the limit (M ) → 0, it is expected to approximate the result for non-zero up to terms of O( M ).
Going beyond the approximation of Eq. (15) for the treatment of finite width effects, the on-shell approximation can be applied just to the matrix elements for production and decay (if both subprocesses are kinematically allowed, as mentioned in Sect. 2.2) while keeping a finite width in the integration over the Breit-Wigner propagator in the form of Eq. (13). This is gauge invariant and motivated by the consideration that the Breit-Wigner function is rapidly falling causing that only matrix elements close to the mass shell q 2 = M 2 contribute significantly. It results in a modified NWA improved for off-shell effects, see e.g. Refs. [39, 42] ,
3 Formulation of a generalised narrow-width approximation
Cross section with interference term
If all conditions in Sect. 2.2 are met, the NWA is expected to work reliably up to terms of O( M ). This section addresses the issue of how to extend the NWA such that interference effects can be included, leading to a generalised NWA [10, 28] . Interference effects can be large if there are several resonant diagrams whose intermediate particles are close in mass compared to their total decay widths:
In these nearly mass-degenerate cases, the Breit-Wigner functions BW 1 (q 2 ), BW 2 (q 2 ) overlap significantly, and an integral of the form
is not negligible. The boundaries q 2 min , q 2 max are the lower and upper limits of the kinematically allowed region of q 2 , and f summarises a possible dependence on matrix elements M and momenta p i in the phase space. Such interference effects might especially be relevant in models of new physics where an enlarged particle spectrum allows for more possibilities of mass degeneracies in some parts of the parameter space.
Let h 1 , h 2 be two resonant intermediate particles, for example two Higgs bosons, with similar masses occurring in a process ab → ce f , i.e. ab → ch i , h i → e f (cf. Fig. 1 with d = h 1 , h 2 ). If non-factorisable loop corrections can be neglected, the full matrix element (dropping the q 2 -dependence of the matrix elements to simplify the notation) is given by (as mentioned above, see Sect. 2, we explicitly treat the case of scalar resonant particles; spin correlations of intermediate particles with non-zero spin can be taken into account using spin-density matrices)
The squared matrix element contains the two separate contributions of h 1 , h 2 and in the second line of Eq. (20) the interference term,
So the full cross section from Eq. (13) with the matrix element from Eq. (20) can be written as
We will use Eq. (21) as a starting point for approximations of the full cross section. The first two terms can again be approximated by the finite-narrow-width approximation according to Eq. (16), or by the usual narrow-width approximation in the limit of a vanishing width from Eq. (15) as σ × BR. The interference term still consists of an integral over the q 2 -dependent matrix elements, the product of Breit-Wigner propagators and the phase space.
On-shell matrix elements
Our approach is to evaluate the production (P) and decay (D) matrix elements
on the mass shell of the intermediate particle h i [28] . This is motivated by the assumption of a narrow resonance region
so that off-shell contributions of the matrix elements in the integral are suppressed by the nonresonant tail of the Breit-Wigner propagator if P and D vary only mildly 1 with q 2 . Then the interference term from the last line of Eq. (21) is approximated by 1 We refer to partonic cross sections, but the overall q 2 -dependence can be affected by folding with pdfs.
Equation (24) represents our master formula for the interference contribution. At this stage, we have only evaluated the matrix elements on the mass shell of the particular Higgs boson by setting q 2 = M 2 h i (this is also important for ensuring the gauge invariance of the considered contributions). So the on-shell matrix elements can be taken out of the q 2 -integral. But the dependence of the matrix elements on further invariants and momenta is kept. For 2-body decays, it is possible to carry out the phase space integration without referring to the specific form of the matrix elements. In general, however, the matrix elements are functions of the phase space integration variables.
The approximation in Eq. (24) is a simplification of the full expression in Eq. (23) since the integrand of the q 2 -integral is simplified. We will use Eq. (24) in the numerical calculation of an example process in Sect. 5.
We will furthermore investigate additional approximations of the integral structure in Eq. (24) , which would simplify the application of the gNWA. This issue is discussed at the tree level in the following section.
On-shell phase space and tree level interference weight factors
The following discussion, which focuses on the tree-level case, concerns a technical simplification of the master formula in Eq. (24) . It will be numerically applied in Fig. 5 below and extended to the 1-loop level in Sect. 7. As a possible further simplification on top of the on-shell approximation for matrix elements, one can also evaluate the production and decay phase spaces on-shell. This is based on the same argument as for the on-shell evaluation of the matrix elements because off-shell phase space elements are multiplied with the non-resonant tail of Breit-Wigner functions. Now the q 2independent matrix elements and phase space integrals can be taken out of the q 2 -integral,
The choice at which mass, M 1 or M 2 , to evaluate the production and decay phase space regions is not unique. We thus introduce a weighting factor between the two possible processes, as an ansatz based on their production cross sections and branching ratios:
Then we define the on-shell phase space regions as
In Eq. (25), a universal integral over the Breit-Wigner propagators emerges:
which is analytically solvable,
In the limit of equal masses and widths, M = M 1 = M 2 and = 1 = 2 , the product of Breit-Wigner propagators would become the absolute square, and the integral is reduced to
This absolute square of the Breit-Wigner function is also present in the usual NWA in Eq. (14) , and for vanishing it can be approximated by a δ-distribution. Here, however, we allow for different masses and widths from the two resonant propagators. We evaluate only the matrix elements and differential phase space on-shell, but we do not perform a zero-width approximation. This approach is analogous to the finite-narrow-width approximation without the interference term in Eq. (16) . Under the additional assumption of equal masses, the interference part can be approximated in terms of cross sections, branching ratios and couplings in order to avoid the explicit calculation of the product of unsquared amplitudes and their conjugates. This will also avoid the phase space integrals in the interference term as in Eq. (25) .
For this purpose, each matrix element is written as the coupling of the particular production or decay process, C P i or C D i , times the helicity part p(M 2 i ) or d(M 2 i ), respectively,
The on-shell calculation of helicity matrix elements is demonstrated in Sect. 5.3 where also left-and right-handed couplings are distinguished. Here we use the schematic notation of Eq. (31), but it could directly be replaced by the L/Rsum as in Eq. (75) below. If we then make the additional assumption M 1 M 2 , the helicity matrix elements coincide,
, thus the matrix elements differ just by fractions of their couplings,
This enables us to replace the products of an amplitude involving the resonant particle 1 with a conjugate amplitude of resonant particle 2 by absolute squares of amplitudes as follows, where i, j ∈ {1, 2}, i = j, and no summation over indices is implied: (11, 12) 
In the last step, we divided and multiplied by the total width i to obtain the branching ratio BR i = D i i . The universal integral I over the overlapping Breit-Wigner propagators is given in Eq. (28) . Furthermore, we defined a scaling factor as the ratio of couplings [10, 28, 29 ],
Using Eq. (36) and the scaling factor x i with i = 1, j = 2 or vice versa allows to express σ int alternatively in terms of the cross section, branching ratio, mass and width of either of the resonant particle 1 or 2. Since no summation over i or j is implied in Eq. (36), both contributions are accounted for by the weighting factor w i ∈ [0, 1] from Eq. (26). Next, we summarise the components of σ int apart from σ P i and BR i , which also occur in the usual NWA, in an interference weight factor
Hence, in this approximation of on-shell matrix elements and production and decay phase spaces with the additional condition of equal masses, the interference contribution can be written as the weighted sum
or in terms of only one of the resonant particles,
Finally, we are able to express the cross section of the complete process in this R-factor approximation, comprising the exchange of the resonant particles 1 and 2 as well as their interference, in the following compact form
Furthermore, it is possible to replace the term σ i BR i in the two separate processes without the interference term by the finite-width integral from Eq. (16).
Discussion of the steps of approximations
In the previous sections, we presented two levels of approximations for the interference term with two resonant particles. The first approximation in Sect. 3.2 represents our main result. It relies only on the on-shell evaluation of the matrix elements, justified by a narrow resonance region, but no further assumptions (beyond those already used in the sNWA) are implied. Different masses and finite widths are taken into account. This version requires the explicit calculation of unsquared on-shell amplitudes, preventing the use of e.g. convenient spinor trace rules. Furthermore, the phase space integration depends on q 2 so that the universal, processindependent Breit-Wigner integral I from Eq. (28) does not appear here.
The second approximation in Sect. 3.3 has been formulated only at tree level so far. It is based on the additional approximation, motivated by the same argument as for the matrix elements, of setting the differential Lorentz invariant phase spaces on-shell at either mass, scaled by a weighting factor. This makes the q 2 -integration easier because only the universal integral I is left. Furthermore, it avoids the unusual calculation of on-shell amplitudes in an explicit representation by expressing the interference part as an interference weight factor R in terms of cross sections, branching ratios, masses and widths, which are already needed in the simple NWA, plus the universal integral I and a scaling factor x which consists of the process-specific couplings. Yet, this approximation holds only for equal masses. As discussed in the context of Eq. (18), the interference term is largest if the Breit-Wigner shapes overlap significantly due to the relation M 1 + 2 . Nevertheless, the masses are not necessarily equal in the interference region. Instead, the overlap criterion in Eq. (17) can as well be satisfied if one of the widths is relatively large. In this respect, the equal-mass condition is more restrictive than the overlap criterion. However, the equalmass constraint is just applied on the matrix elements and phase space, whereas different masses and widths are distinguished in the Breit-Wigner integral. The R-factor method is technically easier to handle because the constituents of R can be obtained by standard routines in the program packages such as FormCalc [43] [44] [45] [46] [47] and FeynHiggs [48-51] that we use in the numerical computation. For one example process, this is done in Sect. 5. An extension of the generalised narrow-width approximation to the 1-loop level is discussed in Sect. 7.
Particle content and mixing in the MSSM
Before we discuss the application of the gNWA to an example process within the MSSM, we briefly summarise here the different particle sectors of the MSSM in order to clarify the notation and conventions.
Propagator mixing in the Higgs sector
Higgs sector at tree level The MSSM contains two Higgs doublets,
with the vacuum expectation values v 1 , v 2 , respectively, whose ratio tan β ≡ v 2 v 1 determines together with M H ± (or M A ) the MSSM Higgs sector at tree level. In principle, complex parameters can enter through loops, but in this methodical study we consider the MSSM with real parameters. The neutral fields φ 0 1 , φ 0 2 , χ 0 1 , χ 0 2 are rotated into the mass eigenstates h, H, A, G, where h and H are neutral CP-even Higgs bosons (rotated from φ 0 1 , φ 0 2 by the mixing angle α), A is the neutral CP-odd Higgs boson and G denotes the neutral Goldstone boson. Besides, there are the charged Higgs and Goldstone bosons, H ± , G ± . Mixing in the MSSM Higgs sector Higher-order corrections have a crucial impact on the phenomenology in the Higgs sector. We adopt the renormalisation scheme in the Higgs sector from Refs. [52, 53] , where M A (or M H ± ) is renormalised on-shell while a DR-renormalisation is used for the Higgs fields and tan β. For the prediction of the considered process we incorporate important higher-order corrections from the Higgs sector already at the Born level by using for the Higgs-boson masses and total decay widths the predictions from FeynHiggs [48] [49] [50] [51] , which contain the full one-loop and dominant two-loop contributions.
Furthermore, because of the presence of off-diagonal selfenergies likeˆ i j with i, j = h, H, A, the propagators of the neutral Higgs bosons mix with each other and in general also with contributions from the gauge and Goldstone bosons, see e.g. Refs. [52, 53] . The Higgs-boson masses therefore have to be determined from the complex poles of the Higgs propagator matrix.
For correct on-shell properties of external Higgs bosons the residues of the propagators have to be normalised to one. This is achieved by finite wave function normalisation factors, which can be collected in a matrixẐ, such that for a oneparticle irreducible vertexˆ i with an external Higgs boson i the effect of Higgs mixing amounts tô
where the ellipsis indicates the mixing with the Goldstone and Z -bosons, which are not comprised in theẐ-factors, but have to be calculated explicitly. The (non-unitary) matrixẐ can be written as (see Ref. [53] 
witĥ
where the wave function normalisation factors are evaluated at the complex poles
for a = 1, 2, 3. We choose a = 1 for i = h, a = 2 for i = H and a = 3 for i = A. M h a is the loop-corrected mass and h a the total width of h a . In the CP-conserving case, thê Z-matrix is reduced to the 2 × 2 mixing between h and H . An amplitude involving resonant Higgs-boson propagators therefore needs to incorporate in general the full loopcorrected propagator matrix (and also the mixing contributions with the gauge and Goldstone bosons). It can be shown [10, 54] that in the vicinity of the resonance the full propagator matrix contribution can be approximated by
involving the Breit-Wigner propagator BW α ( p 2 ) as given in Eq. (2), whereˆ A i ,ˆ B j are the one-particle irreducible vertices A, B of the Higgs bosons i, j, and i, j, α = h, H, A are summed over.
The neutralino and chargino sector
The superpartners of the neutral gauge and Higgs bosons mix into the four neutralinosχ 0 i , i = 1, 2, 3, 4, as mass eigenstates whose mass matrix is determined by the bino, wino and higgsino mass parameters M 1 , M 2 , μ and the parameter tan β,
The admixture of gauginos and higgsinos in each neutralino can be determined from the components of the matrix N which diagonalises Mχ0 by N * Mχ0 N −1 .
The charginosχ ± i , i = 1, 2, as mass eigenstates are superpositions of the charged wino and higgsino,
The chosen example process requires the couplings at the Higgs-neutralino-neutralino and the Higgs-fermionfermion vertices. For the neutralinosχ 0 i ,χ 0 j with i, j = 1, 2, 3, 4 and the neutral Higgs bosons h k = {h, H, A, G} for k = 1, 2, 3, 4, the right-handed C R and left-handed C L neutralino-Higgs couplings are given by
where s α ≡ sin α, c α ≡ cos α and likewise for β. With the left-/right-handed projection operators ω R/L ≡ 1 2 (1 ± γ 5 ), the 3-point function of the neutralino-Higgs vertex is at tree level composed of
where the + applies to the CP-even Higgs bosons h and H, whilst the − appears for the CP-odd Higgs boson A and the Goldstone boson G. Mixing of Higgs bosons is taken into account by a linear combination of the couplings and Zfactors (see Sect. 4.1). In the following, the couplings C h k XY always mean the mixed couplings (for k, l, m = 1, 2, 3; no summation over indices implied),
For the calculation of higher-order corrections to the neutralino-chargino sector, it is essential to identify a stable renormalisation scheme according to the gaugino parameter hierarchy of M 1 , M 2 and μ as it was pointed out in Refs. [10, 55, 56] . Choosing the external neutralinos and charginos in the considered process to be on-shell does not necessarily lead to the most stable renormalisation scheme. Among the four neutralinos and two charginos, three can be renormalised on-shell in relation to the three gaugino parameters M 1 , M 2 and μ. The most bino-, wino-and higgsino-like states should be chosen on-shell so that the three parameters are sufficiently constrained by the renormalisation conditions. Otherwise, an unstable choice of the input states can lead to unphysically large values for the parameter counterterms and mass corrections. On-shell renormalisation conditions were derived in Refs. [55, [57] [58] [59] [60] [61] [62] [63] for the MSSM with real parameters and in Refs. [56, 64, 65] for the complex case. Schemes with two charginos and one neutralino on-shell are referred to as NCC, with one chargino and two neutralinos as NNC and with three neutralinos input states as NNN. In view of our example process (see Sect. 5) and the gaugino hierarchy of the scenario, we will comment on our choice of a renormalisation scheme in Sect. (8.1.1).
The sfermion and the gluino sectors
The mixing of sfermionsf L ,f R within one generation into mass eigenstatesf 1 ,f 2 is parametrised by the matrix
The trilinear couplings A f as well as μ can be complex. Their phases enter the Higgs sector via sfermion loops, but as mentioned above here we only take real parameters into account. The sfermion masses at tree level are the eigenvalues of Mf . In the considered example process with h, H decaying into τ + τ − , the couplings of Higgs bosons to τ -leptons are involved,
The mass of the gluinog is given by |M 3 |.
The decay process is either considered as a one 3-body decay or b decomposed in two 2-body decays 5 Generalised narrow-width approximation at leading order: example processχ 0
The gNWA will be validated for a simple example process. The focus lies on providing a test case for the method rather than on the phenomenology of the process itself. For a comparison with the gNWA, we choose a process which can be calculated also at the 1-loop level without the on-shell approximation.
In the following, we will consider Higgs production from the decay of the heaviest neutralino and its subsequent decay into a pair of τ -leptons,χ 0
which is a useful example process because it is computable as a full 3-body decay and it can be decomposed into two simple 2-body decays, see Fig. 2 .
Moreover, the intermediate particles are scalars. Thus, for this process the treatment of interference effects can be trivially disentangled from any spin correlations between production and decay. Due to the neutralinos in the initial state and in the first decay step, soft bremsstrahlung only appears in the final state, and there is no photon exchange between the initial and final state. Restricting this test case to the MSSM with real parameters, only the two CP-even states h, H mix due to CP-conservation, instead of the 3×3 mixing of h, H, A in the complex case. We neglect non-resonant diagrams from sleptons, which is a good approximation for the case of heavy sleptons. Slepton contributions to neutralino 3-body decays have been analysed in Ref. [63] . As a first step, we also neglect the exchange of an intermediate pseudoscalar A, Goldstone boson G and Z -boson for the purpose of a pure comparison of the factorised and the full Higgs contribution. For the most accurate prediction within the gNWA, which will be discussed in Sect. 9.4, we will add the tree-level A, G-and Z -exchange, but they do not interfere with h and H in the case of real parameters.
The decay width will be calculated using FeynArts [66] [67] [68] [69] [70] and FormCalc [43-47] 2 both as a 3-body decay with the full matrix element and in the narrow-width approximation as a combination of two 2-body decays -with and without the interference term. In this and the following section, the gNWA will be applied at the tree level. The application at the loop level will follow conceptually in Sect. 8 and numerically in Sect. 9.
3-body decays: leading order matrix element
In order to compare the gNWA to the unfactorised LO result, we calculate the amplitude M h k of the 3-body decay via h k = h, H . From the matrix element of the form
we obtain the spin-averaged, squared amplitude consisting of the separate h, H contributions and the interference contribution,
where the momenta and masses are labelled as
In order to calculate the decay width in one of the Gottfried-Jackson frames [30] , the products of momenta are rewritten in terms of two combined invariant masses, here e.g. m 23 , m 24 :
This yields the partial decay width for the 3-body decay [40] ,
|M| 2 dm 2 23 dm 2
Decomposition into 2-body decays
In this section, we calculate the 2-body decay widths of the subprocesses needed in the NWA. The matrix element for the production of h k = h, H is
In the rest frame ofχ 0 4 we have p 1 · p 2 = m 1 E 2 with
Then the decay width ofχ 0 4 →χ 0 1 h k for the production of
Summing over spins in the final states, the partial decay widths of h and H into a pair of τ -leptons and the branching ratios are at tree level, improved by 2-loop Higgs masses and total widths from FeynHiggs [48] [49] [50] [51] ,
where tot h k is the total width. Loop-corrections to the partial decay widths of these subprocesses are calculated with FormCalc [43] [44] [45] [46] [47] in Sect. 9.1.
Unsquared matrix elements
For the calculation of the interference term according to Eq. (24), we need the on-shell matrix elements of the production and decay part. Instead of evaluating absolute values of squared, spin-averaged matrix elements by applying spinor traces, we now aim at expressing the unsquared matrix elements explicitly in order to evaluate them on the appropriate mass shell. Therefore, we need to represent spin wave functions in terms of energy and mass. Following Ref. [71] , a Dirac spinor with an arbitrary helicity can be written as
where χ is a two-component spinor. The eigenstates χ of the helicity operator σ ·p with eigenvalues λ = ± 1 2 satisfy
For the unit vectorp in the direction parametrised by the polar angle θ and azimuthal angle φ relative to the z-axis, the two-component spinors are expressed as
For the specific choice of p ∝ e z we have θ = 0 and φ is arbitrary so that it can be set to 0. Thus, the 2-spinors take the simpler form
We label the unit vectors in space as e x , e y , e z whereas the basis of the 2-spinors is denoted by {e 1 , e 2 }. The twocomponent spinors in the opposite momentum directionp = −e z are constructed using
from Ref. [71] with ξ λ = 1 in the Jacob-Wick convention for a second particle spinor [72] , resulting in
Defining + := √ E + m and − := √ E − m for a simpler notation, we can rewrite the particle and antiparticle fourcomponent spinors as
Here we introduced the nomenclature ρ/ψ for the upper/lower 2-spinor within a particle 4-spinor u and likewise σ/ϕ for an antiparticle v. For later use, we now list the combinations of λ = ± 1 2 andp = ±e z explicitly:
In the following, we will apply this formalism to Higgs production and decay within our example process. Higgs production As illustrated in Fig. 2b , the incoming spinor u 1 (in the example caseχ 0 4 ) decays into u 2 (χ 0 1 ) and a scalar (h/H ). The matrix element P of this production process is decomposed into a right-and left-handed part,
where C R/L are form factors. Using γ 0 , γ 5 in the Dirac representation, and the 2-spinor notation introduced in Eq. (73), we calculate the spinor chains with arbitrary helicity of
Given the 2-body decay in the rest frame of particle 1, it follows that E 1 = m 1 and consequently − = 0, ψ 1 = 0. In order to obtain the helicity matrix elements p λ 2 λ 1 R/L , we insert the explicit spinors from Eq. (74) into the generic Eq. (77):
Since the helicity matrix elements are real, their complex conjugates p * R/L =ū 1 ω L/R u 2 are equal to the results in Eq. (78) . The products of matrix elements are summed over all helicity combinations (but no averaging is done yet), with i, j ∈ {R, L}, leading to 3
3 These helicity matrix elements correspond to the FormCalc-HelicityMEs via A i j = 4 · MatF(i, j). The factor of 4 arises because the FormCalc expressions are multiplied later on by 2 for each external fermion.
where the energy relation of a 2-body decay with m 1 → {m 2 , M} was applied:
Finally, the squared production matrix element is constructed as
If the left-and right-handed form factors coincide (C L = C R ≡ C), Eq. (82) is reduced to
However, in the interference term we need the product P h P * H with different Higgs masses in E 2 from Eq. (81). This distinction leads to
As before, we give the resulting product of matrix elements for the independent C R/L and for simpler use in the special case of C R/L ≡ C,
Eq. (87) shows that the method of on-shell matrix elements enables us to distinguish between different masses of the intermediate particles, in this example M h and M H . Higgs decay In the decay of a Higgs boson into a pair of fermions, the representation of antiparticle spinors from Eq. (74) is also needed. Furthermore, the fermions are generated back to back in the rest frame of the decaying Higgs boson. So if we align the momentum direction of the particle spinor u 4 with the z-axis,p 4 = e z , the momentum of the antiparticle spinor v 3 points into the direction ofp 3 = −e z . Analogously to Eq. (75), the decay matrix element is in general composed of a left-and right-handed part,
With the mass M of the decaying Higgs boson, the fermion masses m 3 = m 4 ≡ m and the resulting energies E 3 = E 4 ≡ M 2 , the spinor chains d R , d L are now calculated for all helicity configurations of λ 3 , λ 4 = ± 1 2 ,
Summing over all helicity combinations, we obtain
So the product of on-shell decay matrix elements results in
In case of identical left-and right-handed couplings C of the decay vertex, Eq. (94) simplifies to
As in the production case, we are interested in the contribution to the on-shell interference term, so we distinguish between E h = M h 2 and E H = M H 2 ,
Finally, the product of decay matrix elements with different masses reads
where the last line applies for identical L/R form factors. The outcome of the explicit spinor representations in the context of factorising a longer process into production and decay is the possibility to express the interference term with on-shell matrix elements depending on the mass of the intermediate particle. The method was here introduced in a generic way and then applied to the example of Higgs production and decay with two external fermions in each subprocess in the rest frames of the decaying particles. In order to apply the gNWA to the example process of χ 0 4 →χ 0 1 h/H →χ 0 1 τ + τ − numerically, we specify a scenario. In this study, we restrict the MSSM parameters to be real so that there is no new source of CP-violation compared to the SM and only the two CP-even neutral Higgs bosons, h and H , mix and interfere with each other. The aim here is not to determine the parameters which are currently preferred by recent limits from experiments, but to provide a setting in which interference effects between h and H become large in order to investigate the performance of the generalised narrow-width approximation for this simple example process.
The M max h scenario [73, 74] is defined such that the loop corrections to the mass M h reach their maximum for fixed tan β, M A and M SUSY . This requires a large stop mixing, i.e. a large off-diagonal element X t of the stop mixing matrix in Eq. (55) a rather low value of M A , or equivalently M H ± , and a high value of tan β. On the other hand, tan β must not be chosen too large because otherwise the bottom Yukawa coupling would be enhanced to an non-perturbative value. We modify the M max h scenario such that M h is not maximised, but the mass difference M is reduced by raising X t . As one of the Higgs sector input parameters, we choose M ± H for a later extension to CP-violating mixings instead of M A , which is more commonly used in the MSSM with real parameters. The charged Higgs mass is scanned over the range M H ± ∈[151 GeV, 155 GeV]. The other parameters are defined in Table 1 , and we assume universal trilinear couplings A f = A t .
. A small mass difference M ≡ M H − M h requires
Under variation of the input Higgs mass M H ± , the resulting masses and widths of the interfering neutral Higgs bosons h, H change as shown in Fig. 3 with results from FeynHiggs [48] [49] [50] [51] including dominant 2-loop corrections. Figure 3 (a) displays the dependence of the masses of h (blue, dotted) and H (green, dashed) on M H ± . Within the analysed parameter range of M H ± = 151 · · · 155 GeV, their mass difference M (red) in Fig. 3b is around its minimum at M H ± 153 GeV smaller than both total widths h (blue, dotted) and H (green, dashed). While h decreases, H increases with increasing M H ± . This is caused by a change of the predominantly diagonal or off-diagonal structure of theẐ -matrix which has a cross-over around M H ± 153 GeV in this scenario. Since both widths contribute to the overlap of the two resonances, the ratio R M = M/( h + H ) gives a good indication of the parameter region of most significant interference. This is visualised (in orange) in Fig. 3c and compared to the ratios M/ h (blue, dotted) and M/ H (green, dashed), which only take one of the widths into account and are therefore a less suitable criterion for the importance of the interference term. Figure 3d presents the ratio i /M i for i = h (blue, dotted) and H (green, dashed) as a criterion for a narrow width. Both ratios lie in the range of about 0.5-3.5 %, and this represents the expected order of the NWA uncertainty. First of all, we verify that the other conditions from Sect. 2.2 for the NWA are met. The widths of the involved Higgs bosons do not exceed 3.5 % of their masses, hence they can be considered narrow (see Fig. 3 ). At tree level, there are no unfactorisable contributions so that the scalar propagator is separable from the matrix elements. Besides, our scenario is far away from the production and decay thresholds since M h k 2m τ holds independently of the parameters, and with neutralino masses of mχ0 
should agree with the separate terms of the 3-body decays via the exchange of only one of the Higgs bosons, h i , . This is tested in Fig.4 .
The blue lines compare h 1→3 (solid) with the factorised process h NWA (dotted), the green lines represent the corresponding expressions for H . The standard narrow-width approximation is composed of the incoherent sum of both factorised processes, i.e.,
This is confronted with the incoherent sum of the 3-body decays which are only h-mediated or H -mediated. For a direct comparison with the sNWA, the interference term is not included, Fig. 5 The 1→3 decay width ofχ 0 4 →χ 0 1 τ + τ − at tree level with contributions from h, H including their interference (black) confronted with the NWA: sNWA without the interference term (grey, dotted), gNWA including the interference term based on on-shell matrix elements denoted by M (red, dashed) and on the R-factor approximation denoted by R (blue, dash-dotted)
The sNWA (dotted) and the incoherent sum of the 3-body decay widths are both shown in grey. Their relative deviation of 0.8-3.3 % is of the order of the ratio /M from Fig. 3d . Consequently, the NWA is applicable to the terms of the separate h/H -exchange within the expected uncertainty. However, the fifth condition in Sect. 2.2 concerns the absence of a large interference with other diagrams. But with M < h + H throughout the analysed parameter range (see Fig. 3c ), we expect a sizeable interference effect in this scenario owing to a considerable overlap of the Breit-Wigner propagators and a sizeable mixing between h and H . Since the masses and widths of the interfering Higgs bosons depend on M H ± , the size of the interference term varies with the input charged Higgs mass. Based on the minimum of the ratio R M = M/( h + H ) and a significant mixing between h and H , we expect the most significant interference contribution near M H ± = 153 GeV. Figure 5 presents the partial decay width (χ 0 4 → χ 0 1 τ + τ − ) in dependence of the input Higgs mass M H ± . In the sNWA (grey), the interference term is absent. In contrast, the full 3-body decay 4 (black) takes the h and H propagators and their interference into account.
Comparing the prediction of the sNWA with the full 3body decay width reveals an enormous discrepancy between both results, especially in the region of the smallest ratio R M around M H ± 153 GeV, due to a large negative interference term. Consequently, the NWA in its standard version is insufficient in this parameter scenario.
In the generalised narrow-width approximation, on the other hand, the sNWA is extended by incorporating the onshell interference term. The red line indicates the prediction of the complete process in the gNWA using the on-shell evaluation of unsquared matrix elements in the interference term as derived conceptually in Eq. (24) and explicitly in Sect. 5.3. Furthermore, the blue line demonstrates the result of the gNWA using the additional approximation of interference weight factors R defined in Eq. (38) . While the sNWA overestimates the full result by a factor of up to 5.5 on account of the neglected destructive interference, both variants of the gNWA result in a good approximation of the full 3-body decay width.
The slight relative deviation between either form of the gNWA and the full result amounts to ( gNWA − 1→3 )/ sNWA 0.4−1.7 % if normalised to the sNWA and to ( gNWA − 1→3 )/ 1→3 0.5−9.2 % if normalised to the 3-body decay width. The largest relative deviation between gNWA and 1→3 arises in the region where the reference value 1→3 itself is very small so that a small deviation has a pronounced relative effect. This uncertainty, however, is not intrinsically introduced by the approximated interference term, but it stems from the factorised constituents h NWA , H NWA already present in the sNWA, see Fig. 4 .
Application of the gNWA to the loop level
Motivated by the good performance of the gNWA at the tree level, in this section we investigate the application of the generalised narrow-width approximation at the loop level by incorporating 1-loop corrections of the production and decay part into the predictions. Before treating the full 3-body decay width at the next-to leading order (NLO) in Sect. 8, we will start with the method of on-shell matrix elements in Sect. 7.1 and turn to the R-factor approximation in Sect. 7.2. At the 1-loop level we write the product of the production cross-section times partial decay width in the standard NWA as
where the total width is obtained from FeynHiggs [48] [49] [50] [51] incorporating corrections up to the 2-loop level as in the definition of the branching ratio and in the Breit-Wigner propagator. While restricting the numerator of Eq. (103) formally to one-loop order to enable a consistent comparison with the full process, at the end (in Sect. 9.4) all constituents of the NWA will be used at the highest available precision, i.e. σ best P · BR best for the most advanced prediction with the branching ratio obtained from FeynHiggs.
On-shell matrix elements at 1-loop order
In analogy to the procedure in Sect. 3.2 at the tree level, on-shell matrix elements are used here in the 1-loop expansion. Special attention must be paid to the cancellation of infrared (IR) divergences from virtual photons (or gluons) in 1-loop matrix elements and real photon (gluon) emission off charged external legs. In preparation for the example process χ 0 4 →χ 0 1 h/H →χ 0 1 τ + τ − (see Sect. 5), we focus on IRdivergences from photons in loops of the decay part and soft final state photon radiation.
The aim is to approximate only the 1-loop contribution, but to keep the full momentum dependent expression at the Born level with M 0
In contrast, the 1-loop matrix elements are factorised into the on-shell production and decay parts times the momentum dependent Breit-Wigner propagator BW i ≡ BW i (q 2 ). The squared matrix elements are expanded up to the 1-loop order. Since the emission of soft real photons is proportional to the Born contribution, the virtual contribution is supplemented by the absolute value squared of the tree-level matrix element, multiplied by the QED-factor δ SB of soft bremsstrahlung [75, 76] ,
The first line of Eq. (105) represents the pure contribution from h, factorised into production and decay, the second line accordingly for H . The third and fourth lines constitute the 1-loop and bremsstrahlung interference term as the product of h-and H -matrix elements and Breit-Wigner propagators. For a consistent comparison with the full 1-loop result, each term is restricted to 1-loop corrections in only one of the matrix elements. The 1-loop prediction of the full process in the approximation of on-shell matrix elements consists -besides the Born cross section without an approximation 5 -of the squared contribution of h and H and the interference term σ int1 M at the strict 1-loop level, 6
For the prediction with the most precise constituents, we use 2-loop branching ratios, BR best i . We include also the products of 1-loop matrix elements. Their contribution to the interference term is denoted by σ int+ M ,
The approximation of the whole process based on on-shell matrix elements and incorporating higher-order corrections wherever possible is denoted by σ best M , which reads then
The best production cross section σ best P i and branching ratios BR best i mean the sum of the tree level, strict 1-loop and all available higher-order contribution to the respective quantity. Therefore, the products of tree level production cross sections and branching ratios are subtracted because their unfactorised counterparts are already contained in the full tree level term σ 0 full . If a more precise result of the production cross sections is available, it can be used instead of the explicit 1-loop calculation that was performed in our example process.
IR-finiteness of the factorised matrix elements
On-shell evaluation The UV-divergences of the virtual corrections are cancelled by the same counterterms as in the full process at 1-loop order. Although it would be technically possible in most processes to compute the full bremsstrahlung term without the NWA, i.e. δ SB |M 0 full | 2 , the IR-divergences from the on-shell decays need to be exactly cancelled by those from the real photon emission. But the IR-singularities in the sum of the factorised (on-shell) virtual corrections and the momentum-dependent real ones would not match each other. Consequently, the tree level matrix elements are also factorised, and the IR-divergent parts of the 1-loop decay matrix elements The production matrix elements are completely evaluated on their respective mass-shells, P 0 i (M 2 h i ) and P 1 i (M 2 h i ). This is possible because the initial state in this example contains only neutral particles. But the calculation can be directly generalised to charged initial states according to the procedure described for the decay matrix elements. The IR-singularities in the product of initial and final state radiation are then cancelled by those from a virtual photon connecting charged legs of the initial and final state. Such non-factorisable contributions can be treated in a pole approximation in analogy to the double-pole approximation (DPA) that has been used for instance for the process e + e − → W + W − → 4 leptons, see Ref. [77] . An alternative approach for the treatment of IR-singularities is formulated in Refs. [4, 37] . There, the singular parts from the real photon contribution are extracted, and the DPA is only applied for those terms which exactly match the singularities from the virtual photons. In our calculation, we do not split up the real corrections in this way, but employ instead the procedure described above. We discuss a possibility of splitting the diagrams with virtual photons into an IR-singular and a finite subgroup in Sect. 7.1.2. Cancellation of IR-divergences According to the Kinoshita-Lee-Nauenberg (KLN) theorem [78, 79] , the IRdivergence from a virtual photon is cancelled by the emis-sion of a real photon off a charged particle from the initial or
Compared to Eq. (114) which can also be factorised into q 2 -dependent form factors and helicity matrix elements, the structure of the IR-singularities is the same. In Eq. (118), all of those contributions are just evaluated at M 2 instead of q 2 .
Hence the cancellation works analogously so that Eq. (115) is an IR-finite formulation of the factorised interference term. Because theẐ-factors can be factored out in the same way for the on-shell approximation as for the full matrix elements, their inclusion preserves the cancellations of IR-divergences.
Separate calculation of photon diagrams
As an alternative to the method described above, it is possible to reduce the number of diagrams whose loop integrals need to be evaluated at the common mass M instead of their onshell mass M i by splitting the 1-loop decay matrix elements into an IR-finite and an IR-divergent part,
Both subgroups of diagrams are rendered UV-finite by the corresponding counterterms. Since the diagrams without any photon are already IR-finite, their loop integrals can safely be calculated on-shell, D 1,noγ i (M 2 h i ). Hence, only the loopintegrals of the photon contribution need to be evaluated at a fixed mass M, resulting in D
If the fixed Higgs mass were inserted into both the loop integrals and the helicity matrix elements, the IR-cancellation would work in the same way as for the unfactorised process,
Hence we exploited the choice of expressing the product of h-and H -matrix elements either in a weighted sum of both or in terms of one of them. The latter choice, as selected in Eq. (121), has the advantage that the matrix elements containing loop contributions of h and only tree level contributions of H are transformed in terms of h and vice versa. Including the flux factor and the phase space integrals as in Eq. (35), adding soft bremsstrahlung according to the last line of Eq. (105) and keeping in mind that
the expressions from Eq. (121) lead to
whereR i has been defined in Eq. (41) . Equation (123) is meant for the consistent comparison with the full result in the strict one-loop expansion. Using the most precise predictions of all components and the unfactorised tree level result leads to the final prediction:
where σ int1 R denotes the contribution to the interference term for which the product of production cross sections and partial and H ≡ H ± . u andũ represent the up-type (s)quarks,χ 0 are the neutralinos andχ the charginos decay widths is restricted to the 1-loop level, but the branching ratios are at all levels normalised to the 2-loop total width from FeynHiggs [48] [49] [50] [51] . In addition, σ int+ R contains terms beyond the 1-loop level. In Eq. (126), we introduced the generalised interference weight factorsR i j ,
involving the scaling factors x i j ,
to account for the product of 1-loop production and decay matrix elements in Eq. (108). For the most precise prediction, the 1-loop branching ratios in Eqs. (125, 126) can additionally be replaced by BR best i − BR 0 i which is beyond the Mmethod in Eq. (108). As in Eq. (109) for the M-method, the products of tree level production cross section and branching ratios have to be subtracted because their contribution is already accounted for by σ 0 full . The most precise branching ratios can be obtained from FeynHiggs [48] [49] [50] [51] including full 1-loop and leading 2-loop corrections.
Full 3-body decay at the one-loop level
The numerical validation of the gNWA at the next-to-leading order requires the calculation of the processχ 0 4 →χ 0 1 τ + τ − with intermediate h and H as the full 3-body decay including virtual and real corrections.
Reference [63] provides a 1-loop calculation of the decay of the next-to-lightest neutralinoχ 0 2 intoχ 0 1 and a pair of leptons, thus a similar process, but with a dominant contribution from an on-shell slepton, while the Higgs propagators are treated as non-resonant. In the following, we focus on the dia- ForĤ e the mixing withẐ-factors is taken into account, i.e., Eq. (45) is applied for both vertices ofĤ e . This treatment has been applied in order to enable a comparison with the factorised production and decay contributions in the gNWA. The appearance ofẐ-factors in external Higgs boson lines is related to the fact that we use a renormalisation scheme without on-shell conditions for the Higgs-boson fields. In such a case, like the DR renormalisation of the Higgs fields employed here, theẐ-factors are introduced to ensure correct on-shell properties of external Higgs bosons [81, 82] . In the NWA, the Higgs bosons appear as external particles in the on-shell production and decay, and we therefore treat the intermediate Higgs bosons of resonant propagators in the full 3-body decay in the same way for comparison purposes.
The triangle corrections appearing at theχ 0 iχ 0 j h k -vertex are renormalised by the counterterm
in the on-shell scheme, see Ref. [64] and references therein. In Eq. (129), h l = {h, H, A, G} for l = 1, 2, 3, 4, denote the neutral Higgs and Goldstone bosons. The parameters M 1 , M 2 , μ are related to the choice of the three elec- Fig. 7 Example triangle diagrams of the 3-body decayχ 0 4 →χ 0 1 τ + τ − with 1-loop corrections at theĤ e τ + τ − -vertex, where the particles are labelled as is Fig. 6 troweakinos which are renormalised on-shell and thus define the choice for the on-shell renormalisation scheme for the neutralino-chargino sector, as mentioned in Sect. 4.2. In our scenario, we identifyχ 0 1 as the most bino-like,χ 0 3 as the most higgsino-like andχ 0 4 as the most wino-like state and hence renormalise these three neutralinos on-shell. By this choice of an NNN scheme, we avoid large mass corrections to the remaining neutralino and the charginos. Alternatively,χ 0 2 instead ofχ 0 4 could be identified as the most wino-like state because the two corresponding elements in the matrix N , which diagonalises the neutralino mass matrix (see Sect. 4.2), have nearly the same magnitude. Thus, this alternative choice would lead to a comparable sensitivity to the three parameters of this sector and thereby also to a stable renormalisation scheme. But sinceχ 0 4 is involved in our process as an external particle, we prefer to set it on-shell. The 1-loop effect on the 2-body decay widths (χ 0 4 →χ 0 1 h/H ) is shown in Fig. 12 .
Virtual corrections at the Higgs-τ + τ − vertex and real photon emission
Furthermore, the h k τ + τ − -vertex diagrams shown in Fig. 7 are UV-divergent, and the last diagram is also IR-divergent due to the virtual photon. The UV-divergences are cancelled by the counterterm, analogous to the SM, δC h k τ + τ − = δC L h k τ τ ω L + δC R h k τ τ ω R , with [75, 83] δC
where k, l = h, H and δ Z L/R τ are the left-/right-handed field renormalisation constants of the τ -lepton. The tree-level couplings C tree h k τ + τ − are given in Eq. (57) . The IR-divergent terms vanish for squared matrix elements in the combination of virtual corrections containing a photon in the loop with real photons emitted as soft bremsstrahlung off one of the τ -leptons. Soft photons are defined by the energy cut-off E max soft . As a prescription for the energy cut-off we use here a fraction of the mass of the decaying particle, namely E γ ≤ E max soft = 0.1mχ0 4 . All photons below this energy are considered as soft so that they are described by the soft photon factor δ SB multiplying the tree level result,
We use the result for δ SB of Ref. [75] implemented in FormCalc [43] [44] [45] [46] [47] . More details on the separation of soft and hard, collinear and non-collinear QED corrections for this process can be found in Ref. [63] .
Self-energies involving mixing of neutral bosons
The diagrams with self-energy corrections of the intermediate ("external") Higgs bosonĤ e are classified in two categories. On the one hand, there are the mixing contributions between the three neutral Higgs bosons (reduced to 2 × 2 mixing in case of real MSSM parameters). They are approximated by theẐ-factors, which were checked to accurately reproduce the full Higgs propagator mixing close to the complex pole (see Sect. 4.1; Refs. [10, 54] ). Consequently, no explicit propagator corrections with Higgs self-energies are included. With theẐ-factors, the strict one-loop order is extended to take more precise mixing effects in the Higgs sector into account. On the other hand, theẐ-factors do not contain mixing with other neutral particles. Hence, the propagator corrections of a Higgs with the neutral Goldstone boson G and the Z -boson are calculated explicitly. Some example diagrams are shown in Fig. 8 . However, in case of CPconservation, the mixing between h/H and G/Z vanishes.
Box diagrams
Finally, theχ 0 4 cannot only decay intoχ 0 1 τ + τ − via a resonant Higgs boson, but also through box diagrams. Figure 9 depicts some example diagrams with and without Higgs bosons. No counterterms are necessary because the boxes are UVfinite by themselves. The box diagrams are explicitly calculated including the full MSSM spectrum in the loops, but, as expected, those non-resonant contributions are found to be numerically suppressed. This is important for the compari- 49), it is here referred to as the full result that will consistently serve as a reference for the validation of the gNWA at the 1-loop level.
The full 1-loop decay width includes the vertex corrections at the production and the decay vertex and box contributions as well as self-energy corrections to the propagator and bremsstrahlung off the τ -leptons in the final state.
The NLO decay width (solid) is enhanced relative to the LO result (dashed) in most of the analysed parameter interval, up to 11 %, as the plot of the ratio r = ( loop − tree )/ tree shows. However, around M H ± 152 GeV, the 1-loop corrections vanish.
Numerical validation of the gNWA at the loop level
In this example, the calculation of the full process at the 1-loop level is still manageable, where full here means the 3body decays with Breit-Wigner propagators andẐ-factors, though without the Z -, A-and G-boson exchange. But we aim at validating the generalised narrow-width approximation at the 1-loop level so that it can be applied on kinematically more complicated processes for which the factorisation into production and decay is essential to enable the computation of higher order corrections.
Our strategy is to combine the NLO corrections for the production and decay subprocesses in such a way that the gNWA prediction can be consistently compared to the full 1-loop calculation. Only the box diagrams are left out in the gNWA compared to the 3-body decays.
2-body decays
The gNWA at NLO requires the 1-loop contributions to the 2-body decays as subprocesses. For the production, we calculate the full 1-loop corrections to (χ 0 4 →χ 0 1 h/H ) in the NNN on-shell renormalisation scheme, see Refs. [56, 64, 65] , with the same choice of on-shell states as in the 3-body-decay described in Sect. 8.1.1. Higgs mixing is taken into account byẐ-factors, but mixing with G-/Z -bosons is generated explicitly, which, however, vanishes in this CP-conserving scenario. Some example diagrams for vertex corrections are shown in Fig. 11a . Figure 12a presents the resulting 2-body decay widths for the production of h (blue) and H (green) at the tree level (dashed) and the 1-loop level (solid). While the 1-loop corrections increase (χ 0 4 →χ 0 1 h), they decrease the production of H from the decay ofχ 0 4 . The substantial relative effect can be seen in Fig. 12c .
For the decay, the full vertex corrections to h i → τ + τ − are included. Furthermore, real soft photon emission off the τ -leptons in the final state is included. In order to allow for a meaningful comparison between the gNWA and the full calculation, the energy cut-off is defined by the same value E max soft = 0.1mχ0 4 as in the 3-body decay. Example diagrams are displayed in Fig. 11b , where the first diagram belongs to the IR-finite ones, but the second and third diagrams are IR-divergent. The emission of a real photon is not directly calculated as a 3-body decay, but still with the 2-body phase space in the soft-photon approximation. The numerical influence of the corrections of O(α) on (h i → τ + τ − ) is shown in Fig. 12c . The 1-loop and real corrections slightly decrease both decay rates (for h i = h, H ) by 1.2-1.5 % as displayed in Fig. 12d .
On-shell matrix elements and R-factor approximation
The on-shell factorisation of the interference term has already been applied at the leading order in Sect. 6.2. In this section, (red, dashed) , and the gNWA with interference weight factors is denoted byR (blue, dash-dotted). Lower panel The relative deviation of the gNWA (matrix element and R-factor approximation) from the full 1-loop result in percent we will investigate its accuracy at the next-to-leading order. Since a wide range of processes even with many external particles can be computed at lowest order without applying the NWA, we use the full leading order result of the three-body decay (i.e., without NWA) and add the 1-loop contribution for which we use the gNWA. With this procedure, we apply the on-shell approximation only when necessary without introducing an avoidable uncertainty at the tree level. 7 In Fig. 13 , we compare the numerical results of the method of on-shell matrix elements using Eqs. (106) and (107), denoted by M, and of the interference weight factor approximation from Eq. (123), denoted byR, with the full 1-loop result as calculated in Sect. 9. The upper panel shows the prediction of the partial width (χ 0 4 →χ 0 1 τ + τ − ). The lines of the gNWA based on matrix elements (red, dashed) and the full 1-loop calculation (black, solid) lie nearly on top of one another. Also the additionalR-factor approximation (blue, dash-dotted) yields a good qualitative agreement with the full result, but less accurate than achieved by the on-shell matrix elements. The lower panel visualises the relative deviation of the decay width predicted by the two versions of the gNWA from the full result. As expected, the R-factor method reproduces the full result best where the difference between M h and M H is smallest, i.e., in the centre of the analysed parameter interval. But the assumption of equal masses becomes 7 As a further step, one could split the real photon contribution into IR-singular and finite terms and apply the NWA only on the singular ones according to Refs. [4, 37] . Thus, for those parameters the matrix element method performs clearly better within an accuracy of better than 1 %. In order to further investigate how well the gNWA predicts the interference term at the 1-loop level, we take a closer look in Fig. 14 at the pure loop contribution loop,pure = loop − tree of the full three-body decay (black, solid), the gNWA using on-shell matrix elements (red, dashed, denoted by M) and theR-factor approximation (blue, dash-dotted, denoted byR). While at the tree level we found that both versions of the gNWA work comparably well (see Fig. 5 ), the M-method provides a significantly better prediction of the interference term at the 1-loop level.
When the gNWA is used to approximate one-loop effects, we need to compare the accuracy of the approximation with the overall size of the loop correction. Figure 15 provides a 
, is shown for the universal treatment of all one-loop matrix elements for the decay and for the case where the photonic contribution is treated separately comparison between the precision of the gNWA with respect to the full calculation (for on-shell matrix elements denoted by M in red and the R-factor approximation denoted byR in blue) and the relative size of the 1-loop correction to the 3body decay width in black. While the loop correction ranges from −1 to 11 % in this example case, the deviation of the matrix element method from the full result remains below 1 %. The uncertainty of this approximation is therefore significantly smaller than the typical size of the loop correction in this case. The deviation of the R-factor approximation from the full result is found to be larger, within −3-4.5 % in this case, but it is still about a factor of two smaller than the size of the loop correction in the region where the latter is sizable.
The plot shows that the overall performance of the gNWA with the M-method is good except for the region around M H ± 152-152.5 GeV where the M-method uncertainty exceeds the relative size of the full loop correction slightly. But here the full loop correction is in fact very small. Keeping in mind that the full calculation is subject to uncertainties itself (e.g. from missing higher-order corrections) which might reach the level of 1 % (for illustration, the ±1 % range is indicated in the plot), the M-method can be regarded as adequate to approximate loop corrections to the interference term within the expected uncertainty of the full result (as long as non-factorisable corrections remain numerically suppressed). On the other hand, the R-factor method gives rise to larger deviations and should therefore be regarded as a simple estimate of the higher-order result including interference effects.
Separate treatment of photon contributions
As discussed in Sect. 7.1.2, the factor δ SB , which multiplies the squared tree level matrix element to account for the con-tribution of soft bremsstrahlung, and the IR-divergent loop integrals must be evaluated at the same mass to enable the cancellation of IR-singularities between real and virtual photon contributions. In order to reduce the ambiguity whether to choose the common mass M = M h or M H , the IR-finite diagrams can be evaluated at their correct mass shell. Figure 16 compares the dependence of the gNWA result on the ambiguous mass choice, i.e., the relative deviation between gNWA (M = M h ) and gNWA (M = M H ), for the matrix element method. The dashed green line represents the universal treatment where the loop integrals in all decay one-loop matrix elements are evaluated at M 2 whereas the solid red line shows the separate calculation of the photonic contribution as described in Sect. 7.1.2. The impact of the dependence of the gNWA on the choice of the mass M is found to be rather small, giving rise to a maximum deviation of 0.23 % for the universal treatment of all one-loop matrix elements for the decay. Restricting this approximation just to the photonic contribution is seen to have an insignificant effect in this example, reducing the deviation to 0.2 %.
gNWA prediction with most precise input values
As a first step, we defined the gNWA at the 1-loop order for a consistent comparison between the gNWA and the full 1-loop calculation. As an exception, the Higgs masses, total widths and wave function normalisation factorsẐ have been obtained from FeynHiggs [48] [49] [50] [51] at the 2loop order and used both in the gNWA and the full calculation. In this section we want to exploit the factorisation and include all components at the highest available precision. This means for the gNWA with the onshell matrix element method and the R-factor approximation that we use the calculated 1-loop production part and the FeynHiggs branching ratios in P (χ 0 4 →χ 0 1 h i ) · BR D (h i → τ + τ − ). Furthermore, the product of on-shell matrix elements from Eq. (105) is expanded up to the product of 1-loop matrix elements in Eq. (109). The higherorder extension of the R-factor approximation is defined in Eq. (124).
So far we have neglected additional contributions that do not play a role in the discussion of the interference effects between contributions with h and H exchange in the decay ofχ 0 4 →χ 0 1 τ + τ − for the considered CPconserving scenario. In order to obtain a more phenomenological prediction of (χ 0 4 →χ 0 1 τ + τ − ) we now take into account also the resonant exchange of the CP-odd Higgs boson A, the neutral Goldstone boson G and the Z -boson, as well as the non-resonant 3-body decay via aτ . We include the contributions from A, G, Z andτexchange at the tree-level, while at the loop level we incorporate the most precise gNWA result (where those addi-(a) (b) Fig. 17 a The gNWA using the most accurate predictions for all parts of the process, supplemented with a tree-level result with (solid) and without (dashed) the additional A, G, Z andτ -exchange contributions, for the M-method (red) and theR-approximation (blue). b The rela-tive effect of the most precise branching ratios and the product of 1-loop terms on the prediction of the gNWA with on-shell matrix elements (red, denoted by M) and the R-factor approximation (blue, denoted byR) tional contributions are neglected). Figure 17a shows the prediction of the higher-order improved gNWA, supplemented by the full tree-level contribution including A, G, Z and τ -exchange diagrams, as solid lines using on-shell matrix elements (red) and the R-factor approximation (blue). The corresponding results where the A, G, Z andτ -exchange contributions have been neglected are indicated by the dashed lines. The contributions from A, G, Z andτ are found to yield a non-negligible upward shift in this example. Figure 17b shows the impact of including the most precise branching ratios and the product of 1-loop matrix elements in the gNWA, denoted by best gNWA . For the matrix element method (in red, denoted by M), this amounts to up to 1.2 % relative to the 1-loop formulation used above for the comparison with the result for the 3-body decay. For the R-factor approximation (in blue, denoted byR), the effect of up to 0.4 % is smaller because the effect on the interference term beyond the 1-loop order turns out to be negative. With reference to the gNWA including only h and H , the relative impact of the higher-order corrections is slightly higher (1.6 % for the matrix element method and 0.6 % for the R-factor approximation).
The numerical size of the contributions beyond the 1-loop order depends on the process and scenario, but the gNWA allows for their inclusion also in the interference term.
Conclusions
In this paper, we have developed a generalisation of the standard narrow-width approximation that extends the applicability of this important tool to scenarios where interference effects between nearly mass-degenerate particles are important. This can be the case in many extensions of the SM where the spectrum of the new particles is such that the mass difference between two or more particles is smaller than one of their total decay widths. In such a case, their resonances overlap so that the interference cannot be neglected if the two states mix. In order to still enable the convenient factorisation of a more complicated process into production and decay of an intermediate particle, we have demonstrated how to factorise also the interference term. This is achieved by evaluating the production and decay matrix elements on the mass-shells of the resonant particles in analogy to the terms present in the standard NWA. If one additionally assumes equal masses of the intermediate particles, it is possible to further approximate the interference contribution by an interference weight factor, R, in terms of production cross sections, decay branching fractions, ratios of couplings and a universal, process independent integral over Breit-Wigner propagators.
We have developed this generalised narrow-width approximation both at the tree-level and at one-loop order. Following the analytic derivations, we have discussed the application to a simple example process in the context of the MSSM with real parameters. We have considered the threebody decay of the heaviest neutralino via a resonant neutral, CP-even Higgs boson, h or H , into the lightest neutralino and a pair of τ -leptons. This process is well-suited for a test of the gNWA since it is sufficiently simple so that the full process can be calculated at the loop level and compared with the predictions of the gNWA. Within the gNWA this process can be decomposed into basic kinematic building blocks, namely two subsequent 2-body decays, and the interference contributions involve only scalar particles. The discussion of interference effects can therefore be disentangled from spin-correlation issues. Furthermore, the process involves charged external particles, so that the issue of the cancellation of IR divergencies between virtual loop corrections and bremsstrahlung contributions is relevant, while the fact that only the final state particles are charged makes the treatment of the IR-divergent contributions very transparent.
We have validated the gNWA at the Born level (supplemented by higher-order Higgs masses, widths and mixing factors) and at the 1-loop level including corrections of O(α) with respect to the lowest order. Within the considered parameter region, the chosen modified M max h -scenario leads to a small difference between the loop-corrected masses of M h and M H below their total widths. This configuration results in a large negative interference term so that in the standard NWA, where the interference contribution is not taken into account, the 3-body decay width is overestimated by a factor of up to five in this example. Hence, the standard NWA is clearly insufficient in this scenario. The inclusion of the factorised interference term, however, leads to an agreement with the unfactorised decay width within few percent. At the tree level, the method of on-shell matrix elements and the R-factor approximation lead to very similar results. However, at the Born level the methods for calculating multi-leg processes without further approximations are very advanced. Accordingly, a particular interest in the NWA concerns its application to the loop level, where the difficulty in computing processes involving a variety of different mass scales grows very significantly with the number of external legs of the process. In many cases the factorisation into different sub-processes provided by the NWA is essential to enable the computation of higher-order contributions. In cases where a full tree level calculation is feasible, the NWA can therefore be applied just at the loop level in order to facilitate the computation of the higher-order corrections, while the lowest order contributions are evaluated without further approximations in order to avoid an unnecessary theoretical uncertainty.
For a validation of the gNWA beyond the LO we have performed the 1-loop calculation of (χ 0 4 →χ 0 1 τ + τ − ) including all vertex corrections, self-energies involving Higgs-Goldstone/Z mixing, Higgs-Higgs mixing contributions via finite wave function normalisation factors, box diagrams, as well as soft photon radiation. All higher order corrections except for the box diagrams factorise, which makes a separate calculation of the 1-loop production and decay part possible as long as the non-factorisable contributions remain sufficiently small. We have shown that within the gNWA the factorised interference term at the next-to-leading order is both UV-and IR-finite. In order to preserve the cancellations of IR-singularities between virtual and real photon contributions also in the on-shell matrix elements, all IR-divergent integrals in matrix elements and the soft-photon factor were evaluated at the same mass value. This prescription could be further improved by extracting the singular parts from the real photon contribution and applying the NWA only to those terms which match the singularities from the virtual photons. Furthermore, we have extended the interference weight factor to the 1-loop level. In the numerical comparison to the 3-body decay width, the gNWA based on 1-loop on-shell matrix elements agrees with the full 1-loop result within an accuracy of better than 1 %, which is much below the typical size of the loop corrections in this case. The gNWA with interference weight factors, on the other hand, deviates from the full result by up to 4 %, which is still about a factor of two smaller than the size of the loop correction in the region where the latter is sizable. Therefore the method of on-shell matrix elements appears to be a well-suited approach for predicting the interference term at 1-loop order within roughly the remaining theoretical uncertainty of the full result, while the additional R-factor approximation may be of interest as a technically simpler rough estimate of the higher-order result including interference effects.
In our discussion we have first focussed on the strict O(α) contribution relative to the lowest order within the gNWA (except for masses, total widths and wave function normalisation factors, for which we have incorporated dominant 2loop contributions throughout this work) for the purpose of a consistent comparison with the 3-body decay width. In the most accurate final result the factorisation into subprocesses for production and decay has the virtue that higher-order corrections can naturally be implemented into each of the subprocesses, which formally corresponds to a higher-order effect for the full process. This applies also to the interference term, where we have discussed the incorporation of higherorder contributions for the two considered versions of the gNWA.
While much of our discussion has been directed to the specific example process that we have investigated, we have provided a generic formulation of the gNWA and we have commented on various features that are relevant for more complicated processes. The method presented here should therefore be transferable to processes with more external legs, with a more complicated structure of IR divergencies, and to cases where the interference arises between particles of nonzero spin.
Based on the methodical study presented here, a next step will be a more detailed investigation of phenomenological applications of the gNWA. This will be addressed in a forthcoming publication.
Open Access This article is distributed under the terms of the Creative Commons Attribution 4.0 International License (http://creativecomm ons.org/licenses/by/4.0/), which permits unrestricted use, distribution, and reproduction in any medium, provided you give appropriate credit to the original author(s) and the source, provide a link to the Creative Commons license, and indicate if changes were made. Funded by SCOAP 3 .
